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Abstract
We construct a one-parameter family of flat currents inAdS5×S1 and AdS3×S3 Green-
Schwarz superstrings, which would naturally lead to a hierarchy of classical conserved
nonlocal charges. In the former case we rewrite the AdS5 × S1 string using a new Z4-
graded base of the superalgebra su(2, 2|2). In both cases the existence of the Z4 grading
in the superalgebras plays a key role in the construction. As a result, we find that the
flat currents, when formally written in terms of the G0-gauge invariant lowercase 1-forms,
take the same form as the one in AdS5 × S5 case.
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1 Introduction
The AdS/CFT correspondence provides a lot of deep insights into both string theories
and gauge theories [1, 2, 3]. This duality realizes a fairly old idea, originated from ’t
Hooft [4], that a large N gauge theory should be equivalent to a string theory. A main
progress in this subject in recent years is the discovery of integrable structures on both
sides. It was found [5, 6, 7] that the one-loop dilatation operator can be interpreted as the
Hamiltonian of an integrable spin chain. On the string side, a hierarchy of infinite nonlocal
charges are constructed [8] in the Green-Schwarz superstring on AdS5×S5 spacetime [9],
implying that the world-sheet sigma model is integrable. Subsequently it was shown [10]
that such charges also exist in the pure spinor formalism. The analog nonlocal charges
were also found [11] in the ten dimensional pp-wave background and they can be identified
as the Penrose limit of the nonlocal charges in AdS5 × S5 string. It was shown in [12]
that the integrability unravelled in the string side could be intimately connected with the
Yangian symmetry constructed in the N = 4 superconformal Yang-Mills theory in the
free-field limit (But see also [15]). Actually, AdS/CFT correspondence implies that the
Yangian symmetry should persist in the N = 4 superconformal Yang-Mills theory in the
planar limit even when g2YMN is nonvanishing. By using the supertwistor correspondence
[13] of the N = 4 SYM, the author of [14] studied the supertwistor construction of
hidden symmetry algebras of the self-dual SYM equations. Recently, in the pure spinor
formalism of superstrings on AdS5 × S5, it was proved in [16] that the nonlocal charges
in the string theory are BRST-invariant and physical, and in [17] it was shown that there
exists an infinite set of nonlocal BRST-invariant currents at the quantum level. Some
recent developments on nonlocal charges could be found in [18, 19].
It is important to study the AdS/CFT correspondence in the cases with less supersym-
metry, in order to better understand the correspondence and be close to the real world.
There are various ways to partially break the supersymmetry. By calculating the 1-loop
β function Polyakov [20] proposed that the noncritical AdSp × S q string theories should
be dual to the gauge theories with less or no supersymmetry. Last year he briefly con-
structed several sigma models in [21] and argued that they are conformal invariant and
also completely integrable 1, just as the critical case. Soon after, Klebanov and Maldacena
[22] found the AdS5 × S1 solution in the low energy supergravity effective action of six
dimensional noncritical string theory with N units of RR flux and in the presence of Nf
space-time filling D5-branes. This solution has the right structure to be dual to N = 1
1In [21] the author asserted that the sigma models described in that paper are completely integrable
with explicit construction of the flat currents in a OSp (2|4)/(SO(3, 1)× SO(2)) model.
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supersymmetric SU(N) gauge theories with Nf flavors, in agreement with the proposal
in [21]. Several other AdSp × S q solutions were also found [23] in the context of the six
dimensional noncritical superstring theory.
In this paper, as the first step to understand the integrable structure in Green-Schwarz
superstring on AdS5 × S1 [21], we try to construct the flat currents of this model, which
would naturally lead to infinite nonlocal charges. It has been shown that the coset struc-
ture and the Z4 grading of psu(2, 2|4), which is the symmetry algebra of the AdS5 × S5
string, are essential to construct the nonlocal charges[8]. The Green-Schwarz superstring
on AdS5 × S1 is a sigma model with the target space SU(2, 2|2)/(SO(4, 1) × SO(3)).
To find the flat currents we need first determine whether the superalgebra su(2, 2|2) has
the similar grading structure. Unlike su(2, 2|4) ≃ psu(2, 2|4)⊕ u(1) can be decomposed
into a direct sum of two algebras, the algebra su(2, 2|2) is already simple by itself. The
u(1) part has the non-zero (anti)commutators with other generators of su(2, 2|2). In spite
of this difference we find that the algebra su(2, 2|2) also has a Z4 grading structure by
explicitly constructing the graded generators, and that the denominator of the supercoset
SU(2, 2|2)/(SO(4, 1)× SO(3)) corresponds to the part of grade zero. In terms of these
new graded generators, we rewrite the κ-symmetric action of the AdS5 × S1 string and
derive the equations of motions. The construction of the flat currents follows [8] in a
straightforward way. In terms of the G0-gauge invariant lowercase forms, the Maurer-
Cartan equations and the equations of motion take the same form as the ones in the
AdS5 × S5 string. As a result, the flat currents we construct, when written in terms of
the gauge invariant 1-forms, have the same form as those of the AdS5 × S5 case.
Another supercoset model with Z4 grading is the Green-Schwarz superstring in AdS3×
S3 background, which was constructed in [24]. We construct the flat currents and find it
also has the same form as the ones in the AdS5 × S5 string.
This paper is organized as follows. We first study the AdS5 × S1 string. In section 2
we construct the Z4-graded generators of the superalgebra su(2, 2|2) explicitly, then we
define the Maurer-Cartan 1-forms with respect to these generators and write down the
Maurer-Cartan equations that these forms must satisfy. In section 3 we rewrite the action
of AdS5 × S1 string using the graded generators and then get the equations of motion.
Then we explicitly construct a one-parameter family of the flat currents in AdS5 × S1
superstring. In section 4 we construct the flat currents in AdS3×S3 superstring. In section
5 we review our results and discuss some future directions in this subject. In appendix
A we list our conventions in this paper, which are mainly used in the construction of the
Z4-graded generators of su(2, 2|2). In appendix B we check the κ-symmetry of the action
of the AdS5×S1 superstring. In appendix C we write down the closed expressions of the
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Maurer-Cartan 1-forms of the coset space SU(2, 2|2)/(SO(4, 1)× SO(3)).
2 su(2, 2 |2) superalgebra
Our starting point is the extended superconformal algebra su(2, 2|2), which is the symme-
try algebra of the AdS5 × S1 superstring. This is a simple superalgebra. Its bosonic part
is su(2, 2)⊕ su(2)⊕ u(1). We denote Ma¯b¯, Ta′ , R as the generators of su(2, 2), su(2), u(1)
respectively. Notice the isomorphisms su(2, 2) ≃ so(2, 4) and su(2) ≃ so(3), then
[Ma¯b¯,Mc¯d¯] = ηa¯d¯Mb¯c¯ + ηb¯c¯Ma¯d¯ − ηa¯c¯Mb¯d¯ − ηb¯d¯Ma¯c¯ ,
[Ta′ , Tb′] = εa′b′c′Tc′ . (2.1)
Here (ηa¯b¯) = diag(− + + + + −), (ηa′b′) = diag(+ + +) with a¯, b¯ = 0, 1, 2, 3, 4, 5 and
a′, b′ = 1, 2, 3.
The fermionic part of su(2, 2|2) lies in a (4, 2, 1) ⊕ (4∗, 2∗, 1∗) representation of the
bosonic part under the adjoint action. If we denote Fαα′ and F¯
αα′ as the fermionic
generators with α, β = 1, 2, 3, 4 and α′, β ′ = 1, 2, then
[F αα
′
,Ma¯b¯] =
1
2
(Γa¯b¯)
α
βF
βα′ , [F¯αα′ ,Ma¯b¯] = −
1
2
F¯βα′(Γa¯b¯)
β
α ,
[F αα
′
, Ta′ ] =
1
2
(τa′)
α′
β′F
αβ′ , [F¯αα′ , Ta′ ] = −1
2
F¯αβ′(τa′)
β′
α′ ,
[F αα
′
, R ] =
i
2
F αα
′
, [F¯αα′ , R ] = − i
2
F¯αα′ . (2.2)
Here Γa¯b¯ are 4 × 4 matrices, their explicit form can be found in the appendix A, and
τa′ = −iσa′ with σa′(a′ = 1, 2, 3) being the three Pauli matrices. In the above formulae
we choose the convention that the upper indices of Γ’s and τ ’s are the row indices, and
that the lower ones are the column indices.
At last the anticommutator of two fermionic generators are
{F αα′, F¯αα′} = − i
2
(Γa¯b¯)αβ δ
α′
β′Ma¯b¯ − δαβ δα
′
β′R + 2iδ
α
β (τ
a′)α
′
β′Ta′ . (2.3)
The structure of the right hand side of the above anticommutator is the consequence of
the covariance, and the coefficients in front of each terms are fixed by the Jacobi identities.
The commutation relations (2.1) (2.2) and (2.3) entirely define the superalgebra su(2, 2|2)
in the standard way. The author of [21] used just these generators to construct the action
of AdS5 × S1 superstring. The grading structure is implicit.
3
2.1 Construction of the graded generators
Now we have the commutation relations of su(2, 2|2), but we cannot see clearly whether
there is a Z4 grading in terms of the generators (Ma¯b¯, Ta′ , R, F, F¯ ). The grading structure
of the symmetry algebra is an important ingredient in the study of nonlocal charges of the
AdS5 × S5 string. In this subsection we demonstrate the Z4-grading of the superalgebra
su(2, 2|2) by constructing the graded generators explicitly.
The fermionic generators F αα
′
and F¯αα′ are 4-component spinors with respect to the
index α. We split them into 2-component spinors as F αα
′
= (UAα
′
, VA˙
α′) and F¯αα′ =
(VAα′, U
A˙
α′), where VA˙
α′ = C α
′β′(VAβ′)
† and U A˙α′ = Cα′β′(UAβ
′
)†. Next we define Pa =
Ma5, Jab =Mab (a, b = 0, 1, 2, 3, 4) and Q
I
αα′ = (Q
I
Aα′ , Q
IA˙
α′) I = 1, 2 by
Q1Aα′ = εABCα′β′U
Bβ′ − VAα′
Q1A˙α′ = −εA˙B˙Cα′β′VB˙β
′ − U A˙α′
Q2Aα′ = i (εABCα′β′U
Bβ′ + VAα′)
Q2A˙α′ = i (−εA˙B˙Cα′β′VB˙β
′
+ U A˙α′). (2.4)
In terms of the new generators (Pa, Jab, R, Ta′ , Q
I
αα′), the commutation relations of the
superalgebra change to :
[Pa, Pb] = Jab, [Pa, Jbc] = ηabPc − ηacPb, [Ta′ , Tb′] = εa′b′c′Tc′ ,
[Jab, Jcd] = ηadJbc + ηbcJad − ηacJbd − ηbdJac ,
[QIαα′ , Pa] = −
i
2
εIJQJβα′ (γa)
β
α , [Q
I
αα′ , R ] =
1
2
εIJQJαα′ ,
[QIαα′ , Jab] = −
1
2
QIβα′ (γab)
β
α , [Q
I
αα′ , Ta′ ] = −
1
2
QIαβ′ (τa′)
β′
α′ ,
{QIαα′ , QJββ′} = δIJ
[
−2i (Cγa)αβ Cα′β′Pa + 2CαβCα′β′R
]
+ εIJ
[
(Cγab)αβCα′β′Jab − 4Cαβ(C ′τa′)α′β′Ta′
]
. (2.5)
Here a, b = 0, 1, 2, 3, 4 which can be lowered and raised by the 5-dimensional metric
(ηab) = (η
ab) = diag(− + + + +), and a′, b′ = 1, 2, 3 which can be lowered and raised by
the 3-dimensional metric ( ηa′b′) = ( η
a′b′) = diag(+ + +). The indices I, J = 1, 2 and the
Levi-Civita symbol is defined by ε12 = −ε21 = 1. The gamma-matrices are
γa =

 γ
µ, a = µ,
γ¯ , a = 4,
γab =
1
2
[γa, γb], τa
′
= −i σa′ . (2.6)
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Their explicit expressions can be found in Appendix A. The matrices γa and τa
′
are the
generators of 5-dimensional and 3-dimensional Clifford algebra, C and C ′ are their charge
conjugation matrices2 respectively, which satisfy
Cγa = (γa)TC, C ′τa
′
= −(τa′)TC ′. (2.7)
Their explicit form can be seen in (A.11) and (A.13).
Now we can see the Z4-grading of su(2, 2|2) explicitly from (2.5). Therefore su(2, 2|2) =
G0 ⊕ G1 ⊕ G2 ⊕ G3 with
G0 = {Jab, Ta′},
G1 = {Q1αα′},
G2 = {Pa, R },
G3 = {Q2αα′}, (2.8)
where Gi denotes the component of grade i. The target space of AdS5 × S1 superstring
is the supercoset space SU(2, 2|2)/ (SO(4, 1)× SO(3)). As in the AdS5 × S5 case, the
algebra of the isotropy group, which would be gauged away, is just the grade zero part
G0 of the whole algebra. This similarity determines that the AdS5 × S1 string has many
common properties with the intensely studied AdS5× S5 case. For instance it enables us
to use the methods of [8] to construct the flat currents which would lead to the classical
conserved nonlocal charges.
2.2 Maurer-Cartan 1-forms
It is convenient to use the Maurer-Cartan 1-forms to construct the worldsheet action.
Here our target space is the coset space SU(2, 2|2)/ (SO(4, 1) × SO(3)). The Maurer-
Cartan 1-form G−1dG of the supergroup SU(2, 2|2) is pulled back to the coset space by
the local section G = G(x, θ), where the coordinates (x, θ) parametrize the coset space
and G(x, θ) is an element of the supergroup SU(2, 2|2). In the following we shall call the
pull-back of the Maurer-Cartan 1-form of the supergroup the Maurer-Cartan 1-form of
the coset space.
The left invariant Maurer-Cartan 1-form L ≡ G(x, θ)−1dG(x, θ) of the coset space
takes its value in the superalgebra su(2, 2|2), so we can expand it using the generators of
this algebra
L ≡ G(x, θ)−1dG(x, θ) ≡ PaLa +RLR + 1
2
JabL
ab + Ta′L
a′ +QIαα′L
Iαα′ , (2.9)
2To simplify the the notation, the prime on C ′ is explicitly written only when it does not carry the
indices. So Cα′β′ are the elements of the matrix C
′.
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where La and LR are the 5-beins and 1-beins of AdS5 and S
1 respectively. LIαα
′
are the
two (I = 1, 2) spinorial 8-beins which are two Majorana spinors of SO(4, 1) × SO(3).
Lab and La
′
are the SO(4, 1) and SO(3) connections respectively. The components of
the Lie algebra valued 1-form L are super 1-forms. They are both differential 1-forms
and the functions of Grassmann variables θ. Among these components La, LR, Lab and
La
′
are Grassmann even quantities, while LIαα
′
are Grassmann odd ones. So we have
La ∧ LIαα′ = −LIαα′ ∧ La, but LIαα′ ∧ LJββ′ = +LJββ′ ∧ LIαα′ .
The Maurer-Cartan 1-form satisfies the zero-curvature equation dL = −1
2
[L,L]. Then
we get the following Maurer-Cartan equations
dLa = −Lb ∧ Lba − iL¯Iγa ∧ LI , (2.10)
dLR = L¯I ∧ LI , (2.11)
dLI =
i
2
εIJ(Laγa + iLR) ∧ LJ − 1
4
(Labγab + 2La
′
τa
′
) ∧ LI . (2.12)
Here we define the Majorana conjugation L¯Iββ′ = L
Iαα′CαβCα′β′ . Then we have
dL¯I = − i
2
εIJ L¯J ∧ (Laγa + iLR)− 1
4
L¯I ∧ (Labγab + 2La′τa′). (2.13)
3 Flat Currents of the GS superstring on AdS5 × S1
The action of AdS5 × S1 superstring is
S = S0 + S1 , (3.1)
S0 = −1
2
∫
d2σ
√−g gij(LaiLaj + LRi LRj ) , (3.2)
S1 = k
∫
L¯1 ∧ L2 . (3.3)
Here we choose the Wess-Zumino term in a quadratic form. This kind of action has been
discussed in [21, 27]. The coefficient k will be determined by requiring κ-symmetry of the
whole action S (see appendix B). It is fixed to be −2.
To check the κ-symmetry and also to derive the equations of motion, we need the
variations of the Maurer-Cartan forms. Suppose that we make the variation G → G ′ ≃
G(1+ω) by right multiplication, where ω ≡ Paωa+RωR+ 12Jab ωab+Ta′ωa
′
+QIαα′ω
Iαα′ is
an infinitesimal element of the algebra (not a differential form). By definition L = G−1dG
6
we know δL = dω + [L, ω]. So the variations of the Maurer-Cartan 1-forms are
δLa = dωa + Labωb + Lbωba + 2iL¯IγaωI , (3.4)
δLR = dωR − 2L¯IωI , (3.5)
δLI = dωI +
i
2
εIJ(ωaγa + iωR)LJ − i
2
εIJ(Laγa + iLR)ωJ
−1
4
(ωabγab + 2ωa
′
τa
′
)LI +
1
4
(Labγab + 2La
′
τa
′
)ωI . (3.6)
From above equations we get the variation of the Wess-Zumino term (sIJ = diag(1,−1) )
δ (L¯1 ∧ L2) = d ( ω¯1L2 − L¯1ω2)− i
2
sIJ L¯I(ωaγa + iωR) ∧ LJ
+ isIJ ω¯I(Laγa + iLR) ∧ LJ . (3.7)
Here we have used the variations of L¯I
δL¯I = dω¯I +
i
2
εIJ L¯J(ωaγa + iωR)− i
2
εIJ ω¯J(Laγa + iLR)
+
1
4
L¯I(ωabγab + 2ωa
′
τa
′
)− 1
4
ω¯I(Labγab + 2La
′
τa
′
). (3.8)
By use of equations (3.4) to (3.7) and fixing k = −2 we get the equations of motion
in terms of the Maurer-Cartan 1-forms as following
√−g gij(∇iLaj + Labi Lbj) + i εijsIJL¯Ii γaLJj = 0 , (3.9)
√−g gij∇iLRj − εijsIJ L¯IiLJj = 0 , (3.10)
(
√−g gijδIJ − εijsIJ) (Lai γa + iLRi )LJj = 0 . (3.11)
Here ∇i is the covariant derivative with respect to the world-sheet metric gij. As usual
there is another constraint that should be supplemented to the above three equations
LaiL
a
j + L
R
i L
R
j =
1
2
gij g
kl(LakL
a
l + L
R
k L
R
l ). (3.12)
This equation is the consequence of the vanishing of δS/δgij.
3.1 Flat currents
In this subsection we follow the method of [8] to find the flat currents which would lead
to the classical nonlocal charges of the AdS5 × S1 superstring. We decompose the left
invariant Maurer-Cartan form as
− L ≡ −G−1dG = H+P+Q1 +Q2 (3.13)
7
with
H = −1
2
JabL
ab − Ta′La′ , P = −PaLa − RLR,
QI = −QIαα′LIαα
′
(no summation over I) ,
Q ≡ Q1 +Q2 , Q′ ≡ Q1 −Q2. (3.14)
To find the flat currents it is convenient to transform above Lie superalgebra valued 1-
forms denoted by capital letters to the ones denoted by lowercase letters by conjugation
x = GXG−1. Notice that H transforms as a connection under the G0-gauge transforma-
tions, while P,Q, Q′ transform in the adjoint representation of G0. So the lowercase forms
p,q,q′ are G0-gauge invariant. Although the capital forms correspond to the decompo-
sition of the Maurer-Cartan forms under the grading of the superalgebra, the lowercase
forms, however, do not reflect the grading.
The Maurer-Cartan equations in terms of this lowercase quantities are
dh = −h ∧ h+ p ∧ p− (h ∧ p+ p ∧ h)− (h ∧ q+ q ∧ h) + 1
2
(q ∧ q− q′ ∧ q′) ,
dp = −2p ∧ p− (p ∧ q+ q ∧ p) + 1
2
(q ∧ q+ q′ ∧ q′) ,
dq = −2q ∧ q ,
dq′ = −2(p ∧ q′ + q′ ∧ p)− (q ∧ q′ + q′ ∧ q) . (3.15)
And the equations of motions could be rewritten as
d ∗ p = (p ∧ ∗q+ ∗q ∧ p) + 1
2
(q ∧ q′ + q′ ∧ q) ,
0 = p ∧ (∗q− q′) + (∗q− q′) ∧ p ,
0 = p ∧ (q− ∗q′) + (q− ∗q′) ∧ p . (3.16)
The Maurer-Cartan equations (3.15) and the equations of motions (3.16) have the same
form as the corresponding ones in AdS5 × S5 case [8]. So there is also a family of flat
currents a = αp+ β ∗ p+ γ q+ δ q′ in AdS5 × S1 superstring parameterized by
α = −2 sinh2 λ ,
β = ∓2 sinhλ cosh λ ,
γ = 1± cosh λ ,
δ = sinhλ , (3.17)
by requiring the zero-curvature equation da + a ∧ a = 0. This one-parameter family of
flat currents would naturally lead to a hierarchy of classical conserved nonlocal charges by
8
the standard method [8, 26, 29]. This fact is a characteristic property that the 2d sigma
model of AdS5 × S1 is completely integrable at least at classical level.
In [29], it has been argued that there exists another class of flat currents in the AdS5×
S5 case, which respect the Z4 symmetry explicitly. It was later realized [31] that the two
currents are equivalent.
4 Flat currents of AdS3 × S3 Superstring
The Green-Schwarz superstring in AdS3 × S3 space is constructed in [24]. In this section
we shall use the notation of that paper. The action is defined as a two-dimensional sigma
model with the target space SU(1, 1|2)2/(SO(1, 2)×SO(3)). We define the Maurer-Cartan
1-forms of SU(1, 1|2)2
L ≡ G−1dG ≡ LaˆPaˆ + 1
2
LaˆbˆJaˆbˆ +
1
2
L¯IQI +
1
2
Q¯ILI . (4.1)
A main difference between the AdS3×S3 string and the former AdS5×S1 string is Q¯ and
Q are independent generators in the former case, while in the latter case Q¯ = Q(C⊗C ′).
The SU(1, 1|2)2 algebra has a Z4-grading structure with
G0 = {Jab, Ja′b′} ,
G1 = {Q1, Q¯1} ,
G2 = {Pa, Pa′} ,
G3 = {Q2, Q¯2} . (4.2)
The grade zero part corresponds to the denominator SO(1, 2)× SO(3) of the supercoset.
We decompose the Maurer-Cartan 1-forms with respect to the grading
H = −1
2
LaˆbˆJaˆbˆ , P = −LaˆPaˆ , QI = −
1
2
L¯IQI − 1
2
Q¯ILI .
Q = Q1 +Q2 , Q′ = Q1 −Q2 . (4.3)
and define the corresponding lowercase forms x = GXG−1 which will be used to construct
the flat currents. They satisfy the following Maurer-Cartan equations
dh = −h ∧ h+ p ∧ p− (h ∧ p+ p ∧ h)− (h ∧ q+ q ∧ h) + 1
2
(q ∧ q− q′ ∧ q′) ,
dp = −2p ∧ p− (p ∧ q+ q ∧ p) + 1
2
(q ∧ q+ q′ ∧ q′) ,
dq = −2q ∧ q ,
dq′ = −2(p ∧ q′ + q′ ∧ p)− (q ∧ q′ + q′ ∧ q) . (4.4)
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which are the same as (3.15) and also (3.10) of ref. [8].
The action of the Green-Schwarz superstring in AdS3 × S3 space is
S =
∫
(L0 + L1) , (4.5)
L0 = −1
2
(La ∧ ∗La + La′ ∧ ∗La′) , (4.6)
L1 =
1
2
( L¯1 ∧ L2 + L¯2 ∧ L1) . (4.7)
Here we use a quadratic form of the Wess-Zumino term. The differential of L1 coincides
with the WZ term in a cubic form used in [24]. It should be noticed that L¯1∧L2 = L¯2∧L1
in the AdS5×S1 case, while here L¯2∧L1 is the Hermitian conjugation of L¯1∧L2. It is also
not difficult to check the κ-symmetry of this action. The variations of the Maurer-Cartan
1-forms are
δLa = dωa + Labωb + Lbωba +
i
2
( L¯IγaωI − ω¯IγaLI) , (4.8)
δLa
′
= dωa
′
+ La
′b′ωb
′
+ Lb
′
ωb
′a′ − 1
2
( L¯Iγa
′
ωI − ω¯Iγa′LI) , (4.9)
δLI = dωI +
1
2
εIJωaˆ γ˜aˆLJ − 1
2
εIJLaˆγ˜aˆωJ − 1
4
Laˆbˆ γ˜aˆbˆωI +
1
4
ωaˆbˆ γ˜aˆbˆLI , (4.10)
δL¯I = dω¯I +
1
2
εIJωaˆL¯J γ˜aˆ − 1
2
εIJLaˆω¯J γ˜aˆ +
1
4
Laˆbˆω¯I γ˜aˆbˆ − 1
4
ωaˆbˆL¯I γ˜aˆbˆ, (4.11)
where γ˜aˆ =
{
−iγa , aˆ = a
γa
′
, aˆ = a′
and γ˜aˆbˆ =
{
−γab , aˆbˆ = ab
−γa′b′ , aˆbˆ = a′b′
The variation of the Wess-Zumino term is
δL1 = 1
2
[−sIJ L¯Iωaˆγ˜aˆ ∧ LJ + sIJ ω¯ILaˆγ˜aˆ ∧ LJ
+sIJL¯I ∧ Laˆγ˜aˆωJ + σIJd( ω¯ILJ − L¯IωJ) ] , (4.12)
where (sIJ) =
(
1 0
0 −1
)
and ( σIJ) =
(
0 1
1 0
)
.
The equations of motions of AdS3 × S3 are
√−ggij(∇iLaj + Labi Lbj) +
i
2
εijsIJ L¯Ii γ
aLJj = 0,
√−ggij(∇iLa′j + La
′b′
i L
b′
j )−
1
2
εijsIJ L¯Ii γ
a′LJj = 0,
(Lai γ
a + iLa
′
i γ
a′)(
√−ggijδIJ − εijsIJ)LJj = 0,
L¯Ii (L
a
i γ
a + iLa
′
i γ
a′)(
√−ggijδIJ + εijsIJ) = 0. (4.13)
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In terms of the lowercase 1-forms the equations of motions are translated into
d ∗ p = (p ∧ ∗q+ ∗q ∧ p) + 1
2
(q ∧ q′ + q′ ∧ q) ,
0 = p ∧ (∗q− q′) + (∗q− q′) ∧ p ,
0 = p ∧ (q− ∗q′) + (q− ∗q′) ∧ p . (4.14)
which also have the same form as (3.16) and the ones of the AdS5×S5 string. Because of
the Z4-grading structure and the similar forms of the equations of motions the existence
of a family of one-parameter flat currents is evident, and their expressions in terms of the
lowercase 1-forms are the same as the ones of AdS5 × S5 string.3
5 Discussions
In this paper we construct a one-parameter family of nonlocal currents from the κ-
symmetric actions of Green-Schwarz superstring in both AdS5× S1 and AdS3× S3 back-
grounds. In the former case, although it is briefly described in [21], here we use a new
Z4-graded base of the superalgera su(2, 2|2) to rewrite the action. We take the quadratic
Wess-Zumino term and determine the coefficient by requiring the κ-symmetry of the whole
action. Then we construct explicitly a one-parameter family of flat currents which would
lead to classical nonlocal charges. This fact suggests that the sigma model of AdS5 × S1
string is really completely integrable, just as being asserted in [21]. Similarly, we discuss
the construction of nonlocal currents in AdS3 × S3 superstring, whose symmetry algebra
also has a Z4 grading. From the construction, we notice that in terms of the G0-gauge
invariant lowercase forms, the Maurer-Cartan equations and the equations of motion take
the same form as the ones in AdS5 × S5 case. As a result, the nonlocal flat currents in
all the three supercoset models with Z4 grading take the similar form.
It is a notorious fact that the superstring in AdS5×S5 with RR-backgrounds is difficult
to be quantized. One promising approach is the covariant quantization in the pure spinor
formalism[30]. It would be very interesting to investigate whether one can have a pure
spinor formulation for AdS5 × S1 superstring and check whether the nonlocal charges
survive the quantization.
On the other hand, it would be illuminating to set up the dictionary in the correspon-
dence between the noncritical superstring in AdS5×S1 space and N = 1 super-Yang-Mills
with flavors. Actually, the pure N = 1 super-Yang-Mills could not be conformal invariant
and so cannot be the dual of closed superstring in AdS5 × S1 spacetime. However, the
3The nonlocal conserved currents in AdS3 × S3 NSR-superstring has been studied in reference [25].
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recent discovery in [22] implies that a superstring theory with closed and open string
degrees of freedom in AdS5 × S1 spacetime, which is different from the one studied in
this paper, may dual to a conformal invariant N = 1 super-Yang-Mills with flavors. The
correspondence and the possible role played by the integrable structure deserves further
investigation.
Note
While we are finishing the paper, there appears a paper[31] in arXiv, which has some
overlap with our paper. Our result is consistent with its argument. One remarkable
fact is that in [31], the coefficient of Wess-Zumino term is determined by requiring the
existence of a one-parameter family of flat currents, without taking into account of κ-
symmetry. In this paper, we treat the κ-symmetry seriously and fix Wess-Zumino term
from it. It seems that the κ-symmetry implies the existence of the flat currents. The
relation between κ-symmetry and flat currents deserves further study.
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A Notation
The convention of this paper is listed in this appendix. The barred Latin letters a¯, b¯ =
0, 1, 2, 3, 4, 5 are the so(4, 2) vector indices. The ordinary Latin letters a, b = 0, 1, 2, 3, 4 are
the so(4, 1) vector indices (AdS5 tangent space). The primed Latin letters a
′, b′ = 1, 2, 3
are the so(3) vector indices. The ordinary Greek letters α, β = 1, 2, 3, 4 are the so(4, 2)
spinor indices (also the so(4, 1) spinor indices). The primed Greek letters α′, β ′ = 1, 2 are
the so(3) spinor indices. The six-dimensional metric is (ηa¯b¯) = diag(− + + + + −), the
five-dimensional metric is (ηab) = diag(− + + + +), and the four-dimensional metric is
(ηµν) = diag(−+++).
We choose the representation of 4-dimensional Dirac matrices γµ as following
γµ = −i
(
0 σµ
−σ¯µ 0
)
with σµ = (1, σi) and σ¯µ = (1,−σi). (A.1)
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They satisfy the standard anticommutation relations {γµ, γν} = 2ηµν , and σi are three
Pauli matrices. Then we define the γ¯ as
γ¯ = −γ0γ1γ2γ3 =
(
−1 0
0 1
)
. (A.2)
Now we use the above γµ and γ¯ to construct the generators Γa¯b¯ of so(4, 2):
Γµν =
1
2
[γµ, γν ]− 12
(
σµν 0
0 σ¯µν
)
, Γµ4 = γµγ¯ − i
(
0 σµ
−σ¯µ 0
)
,
Γµ5 = γµ − i
(
0 σµ
σ¯µ 0
)
, Γ45 = γ¯ =
(
−1 0
0 1
)
. (A.3)
It is not difficult to check that Γa¯b¯ satisfies the standard commutation relations:[
1
2
Γa¯b¯ ,
1
2
Γc¯d¯
]
=
1
2
ηa¯d¯ Γb¯c¯ +
1
2
ηb¯c¯ Γa¯d¯ −
1
2
ηa¯c¯ Γb¯d¯ −
1
2
ηb¯d¯ Γa¯c¯ . (A.4)
When we construct the graded generators of su(2, 2|2) we split the so(4, 1) 4-spinors
into its 2-component forms:
Ψα = (φ
A , χA˙ ). (A.5)
Here A,B = 1, 2 and A˙, B˙ = 3, 4. Define
(εAB) = (εA˙B˙) =
(
0 1
−1 0
)
, (εAB) = (εA˙B˙) =
(
0 −1
1 0
)
. (A.6)
So we have
εABεBC = δ
A
C , ε
A˙B˙εB˙C˙ = δ
A˙
C˙
. (A.7)
The 2-spinor indices can be raised and lowered by the above ε-tensors
ψA = εABψB, ψA = εABψ
B;
ψA˙ = εA˙B˙ψB˙, ψA˙ = εA˙B˙ψ
B˙. (A.8)
The index structures of σµ and σ¯µ are
σµ = (σµ)AB˙, σ¯µ = (σ¯µ)A˙B. (A.9)
It is true that
(σ¯µ)A˙B = (σ
µ)BA˙ ≡ εBC εA˙D˙ (σµ)CD˙. (A.10)
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We can use the ε-tensors to construct the 4 × 4 charge conjugation matrix of so(4, 1)
Clifford algebra
C = (Cαβ) =
(
εAB 0
0 −εA˙B˙
)
, (A.11)
which has the characteristic property that
CγaC−1 = (γa)T . (A.12)
We also define the 2× 2 charge conjugation matrix of so(3) Clifford algebra
C ′ = (Cα′β′) =
(
0 1
−1 0
)
, (A.13)
which has the similar property
C ′τa
′
(C ′)−1 = −(τa′)T . (A.14)
B κ-symmetry of the AdS5 × S1 superstring
Now we check that when k = −2 the whole action S = S0 + S1 is invariant under the
local κ-transformations
ωaκ = ω
R
κ = 0 , (B.1)
ω1κ = P
ij
− (L
a
i γ
a − iLRi )κ1j , ω2κ = P ij+ (Lai γa − iLRi )κ2j , (B.2)
δκ(
√−ggij) = −8i√−g (P il−P jk− L¯1kκ1l + P il+P jk+ L¯2kκ2l ). (B.3)
Here we have defined two projectors P ij± =
1
2
(gij± 1√−gεij). They have the following useful
properties
P ij± = P
ji
∓ , (B.4)
P ij± P
kl
± = P
kj
± P
il
± . (B.5)
Let k = −2 in the action. By using the variations of the Maurer-Cartan 1-forms we have
δκS =
∫
d2σ (∆1 +∆2) , (B.6)
∆1 = −1
2
δκ(
√−ggij) (LaiLaj + LRi LRj ) , (B.7)
∆2 = −2i (
√−ggijδIJ + εijsIJ) L¯Ii (Lajγa + iLRj )ωJκ ,
= −4i√−g [P ij+ P kl− L¯1i (Lajγa + iLRj )(Lbkγb − iLRk )κ1l
+P ij− P
kl
+ L¯
2
i (L
a
jγ
a + iLRj )(L
b
kγ
b − iLRk )κ2l
]
. (B.8)
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By virtue of (B.4) (B.5) it is not very difficult to check that ∆2 is just the opposite of
∆1. So the whole action has the κ- symmetry when the coefficient k in front of the
Wess-Zumino term is set to be −2.
C Maurer-Cartan 1-forms of SU(2, 2|2)/(SO(4, 1)×SO(3))
We can use the methods of [28] to write down the explicit forms of La, LR, LI as follows
La = eaµdx
µ − i θ¯Iγa
[(
sinhM/2
M/2
)2
Dθ
]I
, (C.1)
LR = eRµdx
µ − i θ¯I
[(
sinhM/2
M/2
)2
Dθ
]I
, (C.2)
LI =
[(
sinhM
M
)
Dθ
]I
, (C.3)
where
(M2)IJ = εIK(−γaθK θ¯Jγa + θK θ¯J) + 1
2
εKJ(γabθI θ¯Kγab − 4τa′θI θ¯Kτa′) , (C.4)
and
(Dθ)I = dθI +
1
4
(Aabγab + 2Aa
′
τa
′
) θI − i
2
εIJ(eaγa + ieR) θJ . (C.5)
Here ea and eR are the bosonic vielbeins corresponding to AdS5 directions and S
1 di-
rections, Aab and Aa
′
are the bosonic connections. Notice that the last term in (C.4) is
different from the AdS5 × S5 case, in which the coefficient is −1, not −4. Using these
formulae we can find the θ-expansion of the action of AdS5 × S1 superstring.
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